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Abstract
Set-valued weaker contractions in uniform, locally convex and metric spaces are defined and dy-
namic systems of such weaker contractions are studied. Conditions guaranteeing the convergence
of generalized sequences of random iterations and iterations and the existence and uniqueness of
endpoints of set-valued weaker contractions are established. Our definitions and results are new for
set-valued maps in uniform, locally convex and metric spaces and even for single-valued maps.
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1. Introduction
Let (X,d) be a metric space. A set-valued dynamic system f on X is a set-valued map
f : X → 2X with nonempty values. A dynamic process or a trajectory starting at x1 ∈ X
or motion of the system f at x1 is a sequence {xn} defined by xn+1 ∈ f (xn), n ∈ N. For
details, see, e.g., Aubin and Siegel [2] and Aubin and Ekeland [1].
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called a generalized sequence of iterations with x1 ∈ X. Since the set f [n](x1), in general,
is bigger than f (xn), thus each trajectory starting from x1 ∈ X is a generalized sequence
of iterations with respect to x1, but the converse may not be true. For details, see Yuan [19,
p. 559].
The well-known Banach contraction and its several different generalizations for single-
valued and set-valued maps have extensive applications in many fields of mathematics
and applied mathematics. In particular, they arise naturally and are crucial in the study
of the convergence of motions of dynamic systems, random iterations and iterations and
in the study of the problems concerning the existence and uniqueness of fixed points, co-
incidences, endpoints, stationary points and invariant sets of maps (see [1–5,7,8,10–20]
and others). However, the contractive coefficients in all these generalizations are constant.
These are only some of the references and it is not our purpose to give a complete list of
related papers here.
The present paper has two purposes. The first purpose is to introduce the various defini-
tions of set-valued weaker contractions in uniform and metric spaces. The second purpose
is to establish the conditions guaranteeing the convergence of generalized sequences of
random iterations f1 ◦ f2 ◦ · · · ◦ fn and iterations f [n] = f ◦ f ◦ · · · ◦ f (n-times) and
the conditions guaranteeing the existence and uniqueness of endpoints of f , where f , fn,
n ∈N, are set-valued weaker contractions in uniform and metric spaces.
Our results are new generalizations of the Banach contraction principle, and even for
single-valued maps, there are the latest results. Examples and remarks show a fundamental
difference between our results and the well-known ones.
2. The results
Let X be a Hausdorff uniform space with uniformity defined by a saturated family
{dα: α ∈ A} of pseudo-metrics dα , α ∈ A, uniformly continuous on X2. We denote by
CB(X) the set of all nonempty closed and bounded subsets of X. For A ∈ CB(X) and
α ∈ A we denote δα(A) = sup{dα(x, y): x, y ∈ A}. For f : A → 2X , where A ⊂ X, let
f (A) =⋃x∈A f (x).
We begin with
Definition 1. Let X be a Hausdorff uniform space and let M ∈ CB(X). The family EM of
maps f : M → CB(M) is defined by
∀
α∈A
∀
A∈CB(M) ∀f∈EM
[
δα
(
f (A)
)
 δα(A)
] (1)
and
∀
α∈A
∀
ε>0
∃
λ=λ(α,ε)<1 ∀A∈CB(M) ∀f∈EM
{[
δα(A) ε
] ⇒ [δα(f (A)) λ · δα(A)]}. (2)
First, we obtain
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and bounded subset of X. Let {fn} be a sequence from EM , let Fn = f1 ◦f2 ◦· · ·◦fn, n ∈N,
and let D =⋂∞n=1 Mn, where
Mn = cl
(
f1
(
cl
(
f2
(
. . . cl
(
fn−1
(
cl
(
fn(M) . . .
)
, n ∈N, M0 = M. (3)
Then the following hold:
(i) Mn ⊂ Mn−1 for n ∈N;
(ii) limn→∞ δα(Mn) = 0 for all α ∈A;
(iii) D 
= ∅;
(iv) ⋂∞n=1 Fn(M) ⊂ D;
(v) If x1 ∈ M and xn+1 ∈ Fn(x1) for n ∈ N, then there exists a point w ∈ D such that the
sequence {xn} converges to w.
Proof. (i) Since fn(M) ⊂ M implies cl(fn(M)) ⊂ cl(M) = M , n ∈ N, thus, by (3), Mn ⊂
Mn−1 for n ∈N.
(ii) By (i), the sequences {δα(Mn)}, α ∈A, converge. We have that limn→∞ δα(Mn) = 0
for all α ∈ A. In contradiction, there exist α ∈ A, ε > 0 and the sequence {nk}, where
nk ∈N and limk→∞ nk → ∞, such that
δα(Mnk ) ε for all k ∈ N. (4)
If
Nj,k = cl
(
fj
(
cl
(
fj+1
(
. . . cl
(
fnk−1
(
cl
(
fnk (M) . . .
)
, j = 1,2, . . . , nk, (5)
for all k ∈N, then, by (1), we have that
δα(Mnk ) = δα(N1,k) · · · δα
(
cl
(
fj−1(Nj,k)
))
= δα
(
fj−1(Nj,k)
)
 δα(Nj,k) · · · δα(M), j = 2, . . . , nk, (6)
for all k ∈N. By (4)–(6) and (2), we derive the estimation
ε  δα(Mnk ) = δα(N1,k) · · · λj−2 · δα
(
cl
(
fj−1(Nj,k)
))
= λj−2 · δα
(
fj−1(Nj,k)
)
 λj−1 · δα(Nj,k) · · · λnk−1 · δα(Nnk,k)
= λnk−1 · δα
[(
fnk (M)
)]
 λnk · δα(M), j = 2, . . . , nk, (7)
for all k ∈N and for some λ = λ(α, ε) < 1, which is impossible.
(iii) The set D is nonempty. Indeed, X is complete, the property (i) implies that the
sequence {Mn} has the property of finite intersection and the property (ii) holds (for details,
see [6,9]).
(iv) In view of (3), we have Fn(M) ⊂ Mn for each n ∈ N. Therefore, by the definition
of the set D, the assertion hold.
(v) First let us observe that, by (3),
xn+1 ∈ Fn(x1) ⊂ Fn(M) ⊂ Mn, n ∈ N. (8)
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sequence {sk}, where sk ∈ N for k ∈ N and limk→∞ sk = ∞, and mk , nk ∈ N, where mk >
nk > sk for all k ∈ N, such that
ε  dα(xmk , xnk ) for all k ∈N. (9)
From (8) we have that xmk ∈ Mmk−1 and xnk ∈ Mnk−1. Then xmk , xnk ∈ Mnk−1, since,
by (i), Mmk−1 ⊂ Mnk−1. Now, by (9), using analogous considerations as in (6) and (7), we
get
ε  dα(xmk , xnk ) δα(Mnk−1) λnk−1 · δα(M)
for all k ∈ N and for some λ = λ(α, ε) < 1, which is impossible. Thus there exists a point
w ∈ M such that the sequence {xn} converges to w. By (8) and (i)–(iii), we have that
w ∈ D. 
Definition 2. Let X be a Hausdorff uniform space and let M ∈ CB(X). The family FM of
maps f : M → CB(M) is defined by
∀
α∈A
∀
A∈CB(M) ∀f∈FM
{[
f (A) ⊂ A] ⇒ [δα(f (A)) δα(A)]} (10)
and
∀
α∈A
∀
ε>0
∃
λ=λ(α,ε)<1 ∀A∈CB(M) ∀f∈FM
{[(
f (A) ⊂ A)∧ (δα(A) ε)]
⇒ [δα(f (A)) λ · δα(A)]}. (11)
Next, we shall prove
Theorem 2. Let X be a complete Hausdorff uniform space and let M be a nonempty closed
and bounded subset of X. Let f ∈FM , let f [n] = f ◦ f ◦ · · · ◦ f (n-times), n ∈ N, and let
D =⋂∞n=1 Mn, where
Mn = cl
(
f (Mn−1)
)
, n ∈N, M0 = M. (12)
Then the following hold:
(i) Mn ⊂ Mn−1 for n ∈N;
(ii) f (Mn) ⊂ Mn for n ∈ N;
(iii) limn→∞ δα(Mn) = 0 for all α ∈A;
(iv) D 
= ∅;
(v) f (D) ⊂ D;
(vi) ⋂∞n=1 f [n](M) ⊂ D;
(vii) If x1 ∈ M and xn+1 ∈ f [n](x1) for n ∈ N, then there exists a point w ∈ D such that
the sequence {xn} converges to w.
Proof. (i) By assumption f (M) ⊂ M , we conclude M1 = cl(f (M)) ⊂ cl(M) = M , M2 =
cl(f (M1)) ⊂ cl(f (M)) = M1 and, by induction, Mn = cl(f (Mn−1)) ⊂ cl(f (Mn−2)) =
Mn−1 for n ∈N.
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(iii) Using (ii) and (10), for k ∈ N we have
δα(Mnk ) = δα
[
cl
(
f (Mnk−1)
)]
 · · · δα
[
cl
(
f (Mnk−j )
)]
= δα
[
f (Mnk−j )
]
 δα(Mnk−j ) · · · δα(M), (13)
where j = 1,2, . . . , nk − 1 and, if 0 < ε  δα(Mnk ), then, by (13), (11) and (ii),
δα(Mnk ) = δα
[
cl
(
f (Mnk−1)
)]
 · · · λj−1 · δα
[
cl
(
f (Mnk−j )
)]
= λj−1 · δα
[
f (Mnk−j )
]
 λj · δα(Mnk−j ) · · · λnk · δα(M) (14)
for some λ = λ(α, ε) < 1, where j = 1,2, . . . , nk . If now we use (13) and (14), then, by
the techniques used to prove Theorem 1(ii) we obtain the assertion.
(iv) Indeed, by the definition of D, (12) and (i), we have that
f (D) ⊂ f
(
n⋂
i=1
Mi
)
⊂
n⋂
i=1
f (Mi) ⊂
n⋂
i=1
cl
(
f (Mi)
)= n⋂
i=1
Mi+1 ⊂ Mn+1 ⊂ M1
for n ∈N.
(v) The set D is closed and nonempty and the consideration is analogous as in the proof
of Theorem 1(iii).
(vi) By (12), f [n](M) ⊂ Mn, n ∈N.
(vii) The consideration is analogous as in the proof of Theorem 1(v) and will be omit-
ted. 
Let X be a metric space with the metric d , CB(X) be the set of all nonempty closed
and bounded subsets of X. For A ∈ CB(X) we denote δ(A) = sup{d(x, y): x, y ∈ A}. For
f : A → 2X , where A ⊂ X, let f (A) =⋃x∈A f (x).
Definition 3. Let X be a metric space with the metric d and let M ∈ CB(X). The family
GM of maps f : M → CB(M) is defined by
∀
A∈CB(M) ∀f∈GM
[
δ
(
f (A)
)
 δ(A)
]
and
∀
ε>0
∃
λ=λ(ε)<1 ∀A∈CB(M) ∀f∈GM
{[
δ(A) ε
] ⇒ [δ(f (A)) λ · δ(A)]}.
From Theorem 1 we obtain at once
Theorem 3. Let X be a complete metric space and let M be a nonempty closed and
bounded subset of X. Let {fn} be a sequence from GM , let Fn = f1 ◦ f2 ◦ · · · ◦ fn, n ∈ N,
and let Mn = cl(f1(cl(f2(. . . cl(fn−1(cl(fn(M) . . .), n ∈ N, M0 = M . Then the following
hold:
(i) Mn ⊂ Mn−1 for n ∈N;
(ii) limn→∞ δ(Mn) = 0;
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∞⋂
n=1
Fn(M) =
∞⋂
n=1
Mn = {w};
(iv) If x1 ∈ M and xn+1 ∈ Fn(x1) for n ∈N, then the sequence {xn} converges to w.
Proof. We apply Theorem 1 and Cantor’s intersection theorem to find D = {w} for some
w ∈ M . 
Definition 4. Let X be a metric space with the metric d and let M ∈ CB(X). The family
HM of maps f : M → CB(M) is defined by
∀
A∈CB(M) ∀f∈HM
{[
f (A) ⊂ A] ⇒ [δ(f (A)) δ(A)]}
and
∀
ε>0
∃
λ=λ(ε)<1 ∀A∈CB(M) ∀f∈HM
{[(
f (A) ⊂ A)∧ (δ(A) ε)] ⇒ [δ(f (A)) λ · δ(A)]}.
A point w ∈ M is said to be an endpoint of f : M → 2M if w is a fixed point of f (i.e.,
w ∈ f (w)) and f (w) = {w}.
From Theorem 2, we can deduce the following result.
Theorem 4. Let X be a complete metric space and let M be a nonempty closed and
bounded subset of X. Let f ∈ HM and let Mn = cl(f (Mn−1)), n ∈ N, M0 = M . Then
the following hold:
(i) Mn ⊂ Mn−1, n ∈ N;
(ii) limn→∞ δα(Mn) = 0;
(iii) f (Mn) ⊂ Mn, n ∈ N;
(iv) There exists a unique endpoint w of f ;
(v) The set I (f ) = ⋂∞n=1 f [n](M) is f invariant (i.e., f [I (f )] = I (f )) and I (f ) =⋂∞
n=1 Mn = {w};
(vi) If x1 ∈ M and xn+1 ∈ f [n](x1) for n ∈N, then the sequence {xn} converges to w.
Proof. Using Theorem 2(v) together with Cantor’s intersection theorem, we obtain D =
{w} and f (w) = {w} for some w ∈ M . In order to establish uniqueness of endpoint w
of f , we argue by contradiction and thus we suppose that v 
= w and f (v) = {v}. Then we
may use Definition 4 to deduce that ε  δ(A) = δ(f (A))  λ · δ(A) for some ε > 0 and
λ = λ(ε) < 1 where A = {w,v}, which is impossible. 
Maps f belonging to EM ∪FM ∪ GM ∪HM we call weaker contractions.
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Let us recall:
Definition 5. Let M be a nonempty closed bounded set of a complete metric space (X,d).
A set-valued map f : M → 2M is said to be a generalized contraction if there exists λ ∈
(0,1) such that δ(f (A)) λ · δ(A) for each nonempty closed bounded subset A of M with
f (A) ⊂ A, where f (A) =⋃x∈A f (x) and δ(A) = sup{d(x, y): x, y ∈ A}.
A notion of a generalized contraction was introduced by Tarafdar and Vyborny [15]
(see also Yuan [19, Definition 9.3.9]). It is clear that a Banach contraction map on a closed
bounded set of a metric space is a generalized contraction map, however, a generalized
contraction map even in the single-valued case is not necessarily a Banach contraction.
Moreover, a Banach contraction map is always a continuous map, but a generalized con-
traction even in a single-valued case may not be continuous. The following example was
constructed by Tarafdar and Vyborny [15] (see also Yuan [19, Example 9.3.11]).
Example 1. The map f : [0,2] → [0,2], where f (x) = x/2+1/2 if x ∈ [0,1] and f (x) =
x/2 − 1/2 if x ∈ (1,2], is a generalized contraction for λ = 1/2. It is not continuous (thus
not a Banach contraction) and has a unique fixed point w = 1.
The result, concerning the existence and uniqueness of endpoints and convergence to
these endpoints of every generalized sequence of iterations of generalized contractions in
metric spaces, due to Yuan [19, Theorem 9.3.10], reads as follows:
Theorem 5. Let M be a nonempty closed bounded set of a complete metric space (X,d).
Let f be a generalized contraction on M . Then f has a unique endpoint w (i.e., f (w) =
{w}) and if x1 ∈ M and xn+1 ∈ f [n](x1) for n ∈ N, then the sequence {xn} converges to w.
The following examples show that there exist weaker contractions which are not gener-
alized contractions.
Example 2. Let M = [0,2] and let the map f : M → M be such that
f (x) =
{
2 − (2 − x2)1/2 if x ∈ [0,1],
2 − [2 − (x − 1)2]1/2 if x ∈ (1,2].
The map f satisfies f : [0,2] → [2 − 21/2,1] and graph(f ) = L1 ∪ L2, where
L1 =
{
(x, y) ∈ R2: x2 + (y − 2)2 = 2, x ∈ [0,1]} and
L2 =
{
(x, y) ∈ R2: (x − 1)2 + (y − 2)2 = 2, x ∈ (1,2]}.
If A ∈ CB(M), then δ(f (A)) δ(A).
If A ∈ CB(M), f (A) ⊂ A and δ(A)  ε > 0, then, obviously, A is of the form A =
[η,1], where η 0 and 1 − η ε. Moreover,
δ
(
f (A)
)= (2 − η2)1/2 − 1, δ(A) = 1 − η.
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ϕ′(t) = {2 − t − (2 − t2)1/2}(1 − t)−2 > 0 for t ∈ [0,1),
where
ϕ(t) = {(2 − t2)1/2 − 1}/(1 − t), t ∈ [0,1),
we see that
δ
(
f (A)
)
 λ · δ(A)
for λ = λ(ε) = ϕ(1 − ε) = [(1 + 2ε − ε2)1/2 − 1]/ε and 0 < λ < 1 for each 0 < ε  1.
Moreover, λ(ε) → 21/2 − 1 when ε → 1 and λ(ε) → 1 when ε → 0.
From the above we deduce that f is a single-valued weaker contraction and f ∈HM ,
f is not a generalized single-valued contraction, f is not continuous and thus f is not a
Banach contraction and the point w = 1 is a unique fixed point of f .
Example 3. Let M = [0,2] and let the map f : M → CB(M) be such that
f (x) =
{ [2 − (2 − x2)1/2,1] if x ∈ [0,1],
[2 − {2 − (x − 1)2}1/2,1] if x ∈ (1,2].
From the above we deduce that f is a set-valued weaker contraction and f ∈HM , f is not
a generalized set-valued contraction and the point w = 1 is a unique endpoint of f .
Remark. (a) As a particular case we can see that our definitions and theorems essentially
generalize Definition 5 and Theorem 5, respectively.
(b) It is known that every topological vector space is completely regular and there-
fore uniformizable. If X is a locally convex space with a saturated family of seminorms
{pα}α∈A, then we can define a family of pseudometrics dα(x, y) = pα(x − y). The uni-
form topology obtained coincides with the original topology of the space X. Therefore,
Theorems 1 and 2 also hold in locally convex spaces.
(c) Our definitions and results are new for set-valued maps in uniform, locally convex
and metric spaces. They are new even for single-valued maps.
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